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In the middle of last century, Bondi and his coworkers proposed an out going boundary condition
for the Einstein equations. Based on such boundary condition the authors theoretically solved the
puzzle of the existence problem of gravitational wave. Currently many works on gravitational wave
source modeling use Bondi’s result to do the analysis including the gravitational wave calculation in
numerical relativity. Recently more and more observations imply that the Einstein equations should
be modified with an nonzero cosmological constant. In this work we use Bondi’s original method
to treat the Einstein equations with cosmological constant for theoretical curiosity. We find that
the gravitational wave does not essentially exist if Bondi’s original out going boundary condition
is imposed. We find this unphysical result is due to the non-consistency between Bondi’s original
out going boundary condition and the Einstein equations with cosmological constant. Based on
theoretical analysis, we propose an new Bondi-type out going boundary condition for the Einstein
equations with cosmological constant. With this new boundary condition, the gravitational wave
behavior for the Einstein equations with cosmological constant is similar to the Einstein equations
without cosmological constant. In particular, when the cosmological constant goes to zero, the
behavior of the Einstein equations without cosmological constant is recovered. Together with grav-
itational wave, electromagnetic wave is also analyzed. The boundary conditions for electromagnetic
wave does not depend on the cosmological constant.
PACS numbers: 04.25.Dm, 04.70.Bw, 04.30.Db, 97.60.Lf
I. INTRODUCTION
Einstein predicted gravitational wave based on general
relativity (GR) right after his discovery of GR. Due to
the complexity of the diffeomorphism in GR, people (in-
cluding Einstein himself) have argued the existence of
gravitational wave for quite a long time [1]. Till 1960s,
Bondi and his coworkers solved this debate [2, 3]. Af-
ter that, different instruments and plans for gravitational
wave detection are constructed and proposed [4–7]. The
idea and the long-range prospect of gravitational wave
astronomy have also been constructed gradually [8–10].
In the past years, people have found many evidences
coming from the cosmological microwave background
[11, 12], the observation of supernova Ia [13, 14], the
gas fraction in X-ray luminous galaxy clusters [15], the
baryon acoustic oscillations [16], the integrated Sachs-
Wolfe effect [17], strong gravitational lensing [18] and
more, which show our present universe is in a state of
†corresponding author
∗Electronic address: hexiaokai77@163.com
‡Electronic address: zjcao@amt.ac.cn
§Electronic address: jljing@hunn.edu.cn
accelerated expansion. Although many plausible models
are constructed to explain such acceleration, most obser-
vations favor the cold dark matter model with a cosmo-
logical constant (Λ-CDM model). At least phenomeno-
logically the Einstein equations should be modified with
a cosmological constant Λ at cosmological scale:
Rab − 1
2
Rgab + Λgab = 8piTab. (1)
Actually, we have more evidences besides accelerated ex-
pansion of our universe which implies there is a non-
zero cosmological constant [19]. The observations [20]
show that the amplitude of the cosmological constant Λ
is about 10−52m−2 in geometric units (c = G = 1).
The theoretical description of gravitational wave can
be divided into the generation part and the propaga-
tion part. In the length scale viewpoint, the generation
part corresponds to the near zone, and the propagation
part corresponds to the far zone. In the near zone, the
Coulomb type field dominates. In the far zone, the ra-
diation field instead dominates. For the Einstein equa-
tions without cosmological constant, the Coulomb field
is roughly bounded in the scale of M , where M is the
mass of the gravitational wave source. Typically the wave
length of the involved gravitational wave is severalM . So
the region farther than severalM can be treated as prop-
2agation part safely. Usually people use asymptotically
flat spacetime to model this far region. In the asymptot-
ically flat background, the generation theory of gravita-
tional wave is constructed in the seminal work of Bondi,
Sachs and their coworkers [2, 3]. The propagation theory
is the perturbation theory respect to the Minkowski space
[21]. It is also possible to use cosmological background to
model the far zone. In the cosmological background for
gravitational wave propagation, some techniques using
geometric-optics approximation and perturbation theory
are developed [22–25].
For the Einstein equations with cosmological constant,
part of the Coulomb field is produced by the cosmological
constant. And its action range is about 1√
Λ
. So in this
sense, we should take the region to about 1√
Λ
as the gen-
eration part. And the generation theory should be con-
sidered to this domain. In practice, 1√
Λ
∼ 1026m. Com-
paring to the realized gravitational wave detection events
GW150914 [26], GW151226 [27], GW170104 [28], and
GW170814 [29], the corresponding source distances are
410Mpc∼ 1.3× 1025m, 440Mpc∼ 1.4× 1025m, 880Mpc∼
2.7× 1025m and 540Mpc∼ 1.7× 1025m respectively.
Many studies about the gravitational waves in cosmo-
logical background have been taken in the past decades
[22–25]. Pioneered by Hawking [22], these investigations
have considered the generation and the propagation of
gravitational waves in the Friedman-Robertson-Walker
(FRW) back ground. Their results show that the charac-
teristic features of gravitational waves with cosmological
effect is similar to that got in [2, 3]. But these works con-
sidered only the Einstein equations without cosmological
constant. Few works including [30–34] investigated the
cosmological constant issue. Their results imply that the
geometric behavior for spacetimes with vanishing cosmo-
logical constant Λ is much different to the behavior for
spacetimes with non-vanishing Λ no matter how small Λ
is.
In [2, 3], Bondi and his coworkers proposed a bound-
ary condition, which is an essential assumption in their
works. Later Penrose and his coworker used conformal
completion language to reexpress the result of Bondi
[35, 36]. We would like to point that the specific con-
formal completion is also an assumption. In the book
[37], the authors have discussed the relationship between
Bondi’s boundary condition (expressed as one of the
peeling-off properties) and the conformal completion as-
sumption. In [34], the authors tried to use the conformal
technique to investigate the Einstein equations with cos-
mological constant. They found several subtleties. We
will show in current paper that Bondi’s boundary condi-
tion is not consistent to the Einstein equations with cos-
mological constant. Instead of Bondi’s out going bound-
ary condition, we propose an new Bondi-type boundary
condition for the Einstein equations with cosmological
constant. Based on the new out going boundary condi-
tion, the properties of gravitational wave for the Einstein
equations with cosmological constant are similar to the
properties shown in [2, 3].
Throughout this paper we use geometric units c = G =
1. The lower case of Latin letters denote the abstract
index of tensors [38, 39]. We take signature convention
(−,+,+,+), so Λ > 0 corresponds to the accelerated
expanding universe in the Λ-cold dark matter (Λ-CDM)
model. But we would like to point out that our new
boundary condition is valid for both Λ > 0 and Λ < 0.
The rest of the paper is organized as following. In the
next section we will briefly review the analysis method
taken in the seminal works [2, 3]. We will take closely
the steps of this method to investigate the Einstein equa-
tions with cosmological constant in this work. Then in
Sec. III we apply Bondi’s original out going boundary
condition to the Einstein equations with cosmological
constant. And the gravitational wave generation is in-
vestigated correspondingly. In Sec. IV we show the non-
consistency between Bondi’s original out going boundary
condition and the Einstein equation with cosmological
constant. Together with the analysis, an new Bondi-type
boundary condition is proposed. After that we apply our
new boundary condition to the Einstein equations with
cosmological constant and analyze the gravitational wave
properties correspondingly in Sec. V. At last we give a
summary and discussion in Sec. VI to close the paper.
II. BRIEF REVIEW OF BMS RESULT
As mentioned in the above Introduction section the
whole spacetime involving gravitational wave can be di-
vided into near zone and far zone. The near zone corre-
sponds to the generation region of the gravitational wave.
In the gravitational wave generation theory of [2, 3] the
near zone is modeled as an isolated spacetime. The au-
thors in [2, 3] mainly considered the asymptotic region
of the isolated spacetime. Related to gravitational wave
sources, this ‘asymptotic’ region corresponds to the junc-
tion part between the near zone and the far zone of the
whole spacetime.
The line element of the Bondi-Sachs form reads as [2,
3, 40]
ds2 = −(V r−1e2β − U2r2e2γ)du2 − 2e2βdudr
− 2Ur2e2γdudθ + r2(e2γdθ2 + e−2γ sin2 θdφ2). (2)
where r is the luminosity parameter. (u, r, θ, φ) is called
as Bondi-Sachs coordinate. V , U , γ and β are functions
of the coordinates. As explained in [40], the metric can
almost always been written in this form in asymptotic
region, where the gravitational field is weak. For sim-
plicity we consider axisymmetric spacetime only in this
paper. But it can be generalized to generic spacetime
straightforwardly. Based on this metric form, the vac-
uum Einstein equations are divided into three groups:
(i) main equations:
R11 = R12 = R22 = R33 = 0, (3)
3(ii) trivial equation:
R10 = 0, (4)
(iii) supplementary conditions:
R20 = R00 = 0, (5)
where Rab is the Ricci tensor of the four dimensional met-
ric. And we have used index 0 to represent u, and index
1, 2, 3 represent r, θ, φ respectively. In order to solve
the Einstein equations in the asymptotic region, Bondi
and his coworkers [2, 3] proposed an outgoing boundary
condition written as
γ =
c(u, θ)
r
+
d(u, θ)
r2
+
h(u, θ)
r3
+ · · · (6)
In current paper we call this boundary condition Bondi’s
original boundary condition. In the seminal work [2, 3],
some arguments are given to support this boundary con-
dition. And it is indeed true this boundary condition is
physically reasonable. But it is an assumption logically.
Of course, one more assumption is that the power series
respect to r converge.
Plugging this boundary condition into main equation
R11 = 0, one can get
β = H(u, θ)− c
2
4r2
− 2cd
3r3
− 3ch+ 2d
2
4r4
+ · · · (7)
Put Eqs. (6) and (7) into main equation R12 = 0, one
can find out
U(u, θ) =L(u, θ) +
2e2H∂H/∂θ
r
(8)
− e
2H [2c∂H/∂θ+ 2c cot θ + ∂c/∂θ]
r2
+ · · ·
d(u, θ) =0. (9)
Combine Eqs. (6), (7), (8) and main equation R22 = 0,
we get
V =(L cot θ + ∂L/∂θ)r2 + e2H
[
2 cot θ∂H/∂θ + 4(∂H/∂θ)2
2∂2H/∂θ2 + 1
]
r + V0(u, θ) +
V1(u, θ)
r
+ · · · (10)
Then the requirement of time-like property of ( ∂
∂u
)a as r
goes to infinity leads to
L(u, θ) = 0. (11)
Preserving the metric form (2), more gauge freedom ex-
ists. Take this freedom we consider the following coordi-
nate transformation
u = a0(u¯, θ¯) +
a1(u¯, θ¯)
r¯
+ · · · (12)
r = r¯ + ρ0(u¯, θ¯) + · · · (13)
θ = θ¯ +
b1(u¯, θ¯)
r¯
+ · · · (14)
φ = φ¯. (15)
In order to preserve the metric form (2), we have equa-
tions
g¯11 = 0 ⇒ 2e2Ha1 + b21 = 0, (16)
g¯12 = 0 ⇒ e2H ∂a0
∂θ¯
+ b1 = 0, (17)
g¯22g¯33 = r¯
4 sin2 θ¯ ⇒ 2ρ0 + ∂b1
∂θ¯
+ b1 cot θ¯ =
∂a0
∂θ¯
∂H
∂θ
e2H .
(18)
The coordinate transformation gives us
g¯01 =
∂a0
∂u¯
e2H +O(r¯−1). (19)
If we require
∂a0
∂u¯
= e−2H , (20)
we can get
H¯ = 0. (21)
Firstly we choose a smooth function with argument θ¯.
Use this function as an initial data to solve the ordinary
differential equation (20) to get a0(u¯, θ¯). Plug this a0
into Eq. (17) to get b1(u¯, θ¯). Insert this b1 into Eq. (16)
to get a1(u¯, θ¯). And combine the solutions a0 and b1 with
Eq. (18) we can get ρ0(u¯, θ¯). With these functions, we
have a concrete coordinate transformation. With this
new coordinate system, we still have the Bondi-Sachs
metric form (2). And at the same time the equations
(6)-(11) keep the same form but with vanishing H¯ . In
the following discussion we will use this coordinate sys-
tem. But for notation simplicity, we drop the over bar.
In summary we can write down the solution of the
Einstein equations as
γ =
c(u, θ)
r
+
h(u, θ)
r3
+ · · · (22)
β = − c
2
4r2
− 3ch
4r4
+ · · · (23)
U = −2c cot θ + ∂c/∂θ
r2
+
2N(u, θ) + 3c ∂c
∂θ
+ 4c2 cot θ
r3
+ · · · (24)
V = r − 2M(u, θ) + V1(u, θ)
r
+ · · · (25)
Submitting these solutions into supplementary condi-
tions (5), we get
∂M
∂u
= − ∂c
∂u
+ 12
∂3c
∂θ2∂u
+ 32
∂c
∂θ∂u
cot θ − ( ∂c
∂u
)2, (26)
∂N
∂u
= − 13
[
∂M
∂θ
+ 3c ∂
2c
∂θ∂u
+ 4c ∂c
∂u
cot θ + ∂c
∂u
∂c
∂θ
]
. (27)
We would like to use Newman-Penrose scalar Ψ4 to
represent the gravitational wave like what is done in nu-
4merical relativity. For this purpose, we choose the fol-
lowing quasi-Kinnersley tetrad:
la = (
∂
∂r
)a, (28)
na = e−2β(
∂
∂u
)a − V e
−2β
2r
(
∂
∂r
)a + Ue−2β(
∂
∂θ
)a, (29)
ma =
1√
2r
[e−γ(
∂
∂θ
)a +
ieγ
sin θ
(
∂
∂φ
)a]. (30)
The resulted Ψ4 reads as
Ψ4 = −∂
2c/∂u2
r
+ · · · (31)
Ψ4 is related to geodesic deviation equation which is the
basis of gravitational wave detection.
Plug the solutions (22)-(25) in the Einstein equations,
we can find an interesting structure of the solution.
c(u, θ) is completely free. Other coefficients like h, V0,
V1 are controlled by a corresponding ordinary differential
equation, which depends on c(u, θ). These ordinary dif-
ferential equations are respect to u, which is called Bondi
time. So the other coefficients than c have only freedom
of some initial data. These initial data are some smooth
functions of θ. And they can be freely chosen. This inter-
esting structure corresponds to the characteristic initial
value problem [40].
So we can see that the gravitational wave is fully en-
coded in function c. And this c determines all other co-
efficients. In this sense, c is called Bondi’s news function.
III. APPLY BONDI’S ORIGINAL BOUNDARY
CONDITION TO THE EINSTEIN EQUATIONS
WITH Λ
In the last section, we have reviewed the analysis
method taken by Bondi and his coworkers. In this sec-
tion we will follow this method closely to investigate the
Einstein equations with non-vanishing cosmological con-
stant Λ. And we apply the boundary condition (6) to
this problem. In order to compare the behavior of grav-
itational wave and electromagnetic wave, we treat the
Einstein equations and the Maxwell equations together.
We consider the coupled Maxwell equations and the Ein-
stein equations
Rab − 1
2
Rgab + Λgab = 8piTab, (32)
∇aFab = 0, (33)
∇[aFbc] = 0, (34)
where Tab denotes the energy-momentum tensor of elec-
tromagnetic field and it is given by
Tab =
1
4pi
(FacF
c
b −
1
4
gabFcdF
cd) (35)
The Eq. (32) can be reexpressed as
Rab = 8pi(Tab − 1
2
gabT ) + Λgab (36)
where T is the trace of energy-momentum tensor. For
pure electromagnetic field, we have
T = gabTab =
1
4pi
(FabF
ab − FabF ab) = 0. (37)
Then the Einstein filed equations are simplified as
Rab = 8piTab + Λgab. (38)
As last section, we start from the Bondi-Sachs metric
form (2). And the axisymmetric assumption is also taken
for simplicity. Then the electromagnetic field takes the
following form in Bondi-Sachs coordinates
F = F01du ∧ dr + F02du ∧ dθ + F12dr ∧ dθ (39)
And the Maxwell equations become
r3
∂F01
∂u
+ r3F01
∂U
∂θ
− 2r3UF01 ∂β
∂θ
− 2r3F01 ∂β
∂u
−r5Ue2γ−2βF01 ∂U
∂r
+ r5U2e2γ−2βF12
∂U
∂r
+r3U
∂F01
∂θ
− r2V ∂F01
∂r
− 2rV F01 + r3UF01 cot θ
−re2β−2γ ∂F02
∂θ
− re2β−2γF02 cot θ + 3rUV F12
+2re2β−2γF02
∂γ
∂θ
+ r3U
∂F02
∂r
+ e2β−2γF12
∂V
∂θ
+2r3UF12
∂β
∂u
− r2UF12 ∂V
∂r
− 2r3UF12 ∂γ
∂u
−2r3UF12 ∂U
∂θ
− 2r3U2F12 ∂γ
∂θ
+ 2r3U2F12
∂β
∂θ
−2r2UV F12 ∂β
∂r
+ r2V F12
∂U
∂r
+ 2r2UV F12
∂γ
∂r
−r3F12 ∂U
∂u
− 2r3UF02 ∂γ
∂r
+ 2r2V F01
∂β
∂r
= 0, (40)
−r2 ∂F01
∂r
− 2rF01 + 2r2F01 ∂β
∂r
+ r2F12
∂U
∂r
+2rF12U + r
2U
∂F12
∂r
− 2r2UF12 ∂β
∂r
− e2β−2γ ∂F12
∂θ
+2e2β−2γF12
∂γ
∂θ
− F12e2β−2γ cot θ = 0, (41)
−2r2F02 ∂γ
∂r
+ r2
∂F02
∂r
− r4e2γ−2βF01 ∂U
∂r
+ F12V
−2r2F12 ∂γ
∂r
+ r2UF12 cot θ + r
2 ∂F12
∂u
+2rV F12
∂γ
∂r
− 2r2UF12 ∂γ
∂θ
+ r4Ue2γ−2βF12
∂U
∂r
−rF12 ∂V
∂r
− rV ∂F12
∂r
+ r2U
∂F12
∂θ
= 0, (42)
∂F12
∂u
− ∂F02
∂r
+
∂F01
∂θ
= 0. (43)
5Regarding to the Einstein equations, they are divided
into three groups as last section:
(i) main equations:
R11 = 8piT11 + Λg11, R12 = 8piT12 + Λg12, (44)
R22 = 8piT22 + Λg22, R33 = 8piT33 + Λg33. (45)
(ii) trivial equation:
R10 = 8piT10 + Λg10. (46)
(iii) supplementary conditions:
R20 = 8piT20 + Λg20, R00 = 8piT00 + Λg00. (47)
The explicit expressions of the main equations take the
following form.
R11 = 8piT11 + Λg11 ⇒
(
∂γ
∂r
)2 − 2∂β
∂r
+
F 212
re2γ
= 0. (48)
R12 = 8piT12 + Λg12 ⇒
−4e2β ∂β
∂θ
− 4r cot θe2β ∂γ
∂r
− 2re2β ∂
2γ
∂r∂θ
−2r3e2γ ∂γ
∂r
∂U
∂r
− 4r2e2γ ∂U
∂r
+ 2r3e2γ
∂β
∂r
∂U
∂r
+2re2β
∂2β
∂θ∂r
− r3e2γ ∂
2U
∂r2
+ 4re2β
∂γ
∂θ
∂γ
∂r
+4rF12(F12U − F01) = 0. (49)
R22 = 8piT22 + Λg22 ⇒
−2rU cot θ − 6e2β−2γ ∂γ
∂θ
cot θ − 2r2U ∂γ
∂r
cot θ
+4e2β−2γ(
∂β
∂θ
)2 + 4e2β−2γ
∂2β
∂θ2
+ 4e2β−2γ(
∂γ
∂θ
)2
−2e2β−2γ ∂
2γ
∂θ2
+ 2r
∂V
∂r
∂γ
∂r
− 2r2 ∂U
∂θ
∂γ
∂r
− 2r2 ∂U
∂r
∂γ
∂θ
−4rU ∂γ
∂θ
− 4r2U ∂
2γ
∂θ∂r
+ 2rV
∂2γ
∂r2
+ 2
∂V
∂r
−4e2β−2γ ∂β
∂θ
∂γ
∂θ
+ r4e2γ−2β(
∂U
∂r
)2 − 6r∂U
∂θ
+ 2V
∂γ
∂r
−4r2 ∂
2γ
∂u∂r
− 2r2 ∂
2U
∂θ∂r
− 2e2β−2γ − 4e−2γF02F12
+2
V
r
e−2γF 212 + 2r
2e−2βF 201 − 4r2e−2βUF01F12
−4r∂γ
∂u
+ 2r2U2e−2βF 212 + 2Λr
2e2β = 0. (50)
R33 = 8piT33 + Λg33 ⇒
−re2γ ∂U
∂θ
+ r2e2γ
∂U
∂r
∂γ
∂θ
+ 2rUe2γ
∂γ
∂θ
+ 2re2γ
∂γ
∂u
−e2γV ∂γ
∂r
+ e2γ
∂V
∂r
− e2β − 3e2β ∂γ
∂θ
cot θ
+2e2β
∂β
∂θ
cot θ − 2e2β ∂γ
∂θ
∂β
∂θ
+ r2Ue2γ
∂γ
∂r
cot θ
−3rUe2γ cot θ + r2e2γ ∂γ
∂r
∂U
∂θ
− r2e2γ ∂U
∂r
cot θ
−re2γ ∂V
∂r
∂γ
∂r
+ 2Ur2e2γ
∂2γ
∂θ∂r
+ 2r2e2γ
∂2γ
∂u∂r
−rV e2γ ∂
2γ
∂r2
+ 2e2β(
∂γ
∂θ
)2 − e2β ∂
2γ
∂θ2
+r2e2γ−2βF 201 − 2r2Ue2γ−2βF01F12 + 2F12F02
−1
r
V F 212 + r
2U2e2γ−2βF 212 + Λr
2e2γ+2β = 0 (51)
Aided with Eq. (51), the Eq. (50) reduces to
2e2γ−2β
∂V
∂r
− r2e2γ−2β ∂U
∂r
cot θ − 2− 6∂γ
∂θ
cot θ
+2(
∂β
∂θ
)2 + 4(
∂γ
∂θ
)2 + 2
∂2β
∂θ2
− 2∂
2γ
∂θ2
+ 2
∂β
∂θ
cot θ
+
1
2
r4e4γ−4β(
∂U
∂r
)2 − 4re2γ−2βU cot θ − 4∂β
∂θ
∂γ
∂θ
−4re2γ−2β ∂U
∂θ
− r2e2γ−2β ∂
2U
∂r∂θ
+ 2r2e2γ−4β(F 201
−2F01F12U + U2F 212) + 2Λr2e2γ = 0 (52)
For both γ and F12 we take the assumption of Bondi’s
original out going boundary condition
γ =
c(u, θ)
r
+
d(u, θ)
r2
+
h(u, θ)
r3
+ · · · (53)
F12 =
A1(u, θ)
r
+
A2(u, θ)
r2
+
A3(u, θ)
r3
+ · · · (54)
Plugging this boundary condition into Eq. (41) we get
∂A1(u, θ)
∂θ
+A1 cot θ = 0. (55)
Integrating it respect to θ, we get
A1(u, θ) =
Σ(u)
sin θ
(56)
where Σ(u) is the integration constant. The regularity
condition for A1(u, θ) on the sphere of constant u requires
Σ(u) = 0, which implies A1(u, θ) = 0.
Combine this result and the above boundary condi-
tions with the main equation (48), we get
β = H(u, θ)− c
2
4r2
− 2cd
3r3
− (A2)
2 + 6ch+ 4d2
8r4
+ · · ·
6Then we analyze the Maxwell equation (41) again and
obtain
F01 =
B2(u, θ)
r2
+
1
r3
[
2 · (A2)e2H ∂H
∂θ
+LA3 + e
2H · ∂A2
∂θ
+ e2H(A2) cot θ
]
+
B4(u, θ)
r4
+ · · ·
(58)
At the same time the main equation (49) gives us
U(u, θ) =L(u, θ) +
2e2H∂H/∂θ
r
− e
2H [2c∂H/∂θ+ 2c cot θ + ∂c/∂θ]
r2
+ · · ·
(59)
and
∂d(u, θ)
∂θ
+ 2d(u, θ) cot θ = 0. (60)
Integrating (60) we get
d(u, θ) =
∆(u)
sin2 θ
, (61)
where ∆(u) is the integration constant. Similar to above
A1, the regularity conditions lead ∆(u) = 0, which im-
plies d(u, θ) = 0.
Combine these results with the main equation (52) we
get
V = −1
3
e2HΛr3 + (L cot θ + L2)r
2 + e2H
[
1 + 4(
∂H
∂θ
)2
+2
∂2H
∂θ2
+ 2
∂H
∂θ
cot θ +
1
2
Λc2
]
r + V0(u, θ) + · · · (62)
Different to the case in the last section, the existence of
the r3 term in V prevent us to deduce L vanishes based
on the requirement of time-like property of ( ∂
∂u
)a. But
we can still find a coordinate transformation among the
BS coordinates to let H vanish with following procedure.
Start from some coordinate with non zero H , we intro-
duce a coordinate transformation as following
u = a0(u¯, θ¯) +
a1(u¯, θ¯)
r¯
+ · · · (63)
r = K(u¯, θ¯)r¯ + ρ0(u¯, θ¯) + · · · (64)
θ = b0(u¯, θ¯) +
b1(u¯, θ¯)
r¯
+ · · · (65)
φ = φ¯. (66)
After this coordinate transformation, we have an new
expansion of β with
H¯ = [(e4H
Λ
3
+ L2)Ka1 + e
2H − LKb1]K∂a0
∂u¯
+ (b1 − La1)K2 ∂b0
∂u¯
− 1. (67)
In order to let the bared coordinate belongs to BS coor-
dinate also, we need more equations
g¯11 = 0, (68)
g¯12 = 0, (69)
g¯22g¯33 − r¯4 sin2 θ¯ = 0, (70)
g¯22 = r¯
2 +O(r¯), (71)
g¯33 = r¯
2 sin2 θ¯ +O(r¯). (72)
Note that the equations (71) and (72) guarantee the lead-
ing order of the condition (70). While the higher order
terms of Eqs. (68)-(70) affect the corresponding higher
order coefficients of the coordinate transformation, the
coefficients a0, a1, K, b0 and b1 are independent of these
higher order terms. For the coefficients we concern about
we have
[e4H
Λ
3
+ L2]K2a21 + 2e
2HKa1 − 2LK2a1b1 +K2b21 = 0,
(73)
[e4H
Λ
3
Ka1 + L
2Ka1 − e2H + LKb1]K∂a0
∂θ¯
+ (La1 − b1)K2∂b0
∂θ¯
= 0, (74)
[e4H
Λ
3
+ L2]K2(
∂a0
∂θ¯
)2 − 2LK2∂a0
∂θ¯
∂b0
∂θ¯
+K2(
∂b0
∂θ¯
)2 = 1,
(75)
K2 sin2(b0) = sin
2(θ¯). (76)
Solving the algebra equations (73), (74) and (76), we can
get K, a1 and b1 in terms of a0, b0,
∂a0
∂θ¯
, ∂b0
∂θ¯
. Submitting
these solutions into (74) and H˜ = 0 we get equations for
a0 and b0 with the following form
F1(u¯, θ¯, a0, b0,
∂a0
∂θ¯
,
∂b0
∂θ¯
)
∂a0
∂u¯
+ F2(u¯, θ¯, a0, b0,
∂a0
∂θ¯
,
∂b0
∂θ¯
)
∂b0
∂u¯
= 1, (77)
F3(u¯, θ¯, a0, b0)(
∂a0
∂θ¯
)2 + F4(u¯, θ¯, a0, b0)
∂a0
∂θ¯
∂b0
∂θ¯
+ F5(u¯, θ¯, a0, b0)(
∂b0
∂θ¯
)2 = 1. (78)
Equivalently, we can consider
∂a0
∂u¯
+ f1(u¯, θ¯, a0, b0,
∂a0
∂θ¯
,
∂b0
∂θ¯
)
∂b0
∂u¯
= f2(u¯, θ¯, a0, b0,
∂a0
∂θ¯
,
∂b0
∂θ¯
), (79)
f3(u¯, θ¯, a0, b0,
∂a0
∂θ¯
,
∂b0
∂θ¯
) = 0. (80)
To treat above resulted equations, we introduce auxiliary
variables as
u1 ≡ ∂a0
∂u¯
, u2 ≡ ∂a0
∂θ¯
, u3 ≡ ∂b0
∂θ¯
. (81)
7With these definitions, the arguments of f1, f2 and f3
become u¯, θ¯, a0, b0, u2 and u3. Together with Eq. (79)
and the time (u¯) derivatives of Eq. (80), we get
∂b0
∂u¯
=
f2 − u1
f1
, (82)
∂a0
∂u¯
= u1, (83)
∂u2
∂u¯
=
∂u1
∂θ¯
, (84)
∂u3
∂u¯
=
1
f21
[
− (f1,θ¯ + f1,a0
∂a0
∂θ¯
+ f1,b0
∂b0
∂θ¯
+ f1,u2
∂u2
∂θ¯
+ f1,u3
∂u3
∂θ¯
)(f2 − u1) + f1 · (f2,θ¯ + f2,a0
∂a0
∂θ¯
+ f2,b0
∂b0
∂θ¯
+ f2,u2
∂u2
∂θ¯
+ f2,u3
∂u3
∂θ¯
− ∂u1
∂θ¯
)
]
, (85)
f3,u¯ + f3,a0u1 + f3,b0
f2 − u1
f1
+ f3,u2
∂u2
∂u¯
+ f3,u3
∂u3
∂u¯
= 0,
(86)
where the notations like f1,u¯ mean the partial derivative
of the specified f respect to the specified argument. Re-
place ∂u3
∂u¯
in (86) with the right hand side of (85) we
get
f3,u¯ + f3,a0u1 + f3,b0
f2 − u1
f1
+ f3,u2
∂u2
∂t
+
f3,u3
f21
[
− (f1,θ¯ + f1,a0
∂a0
∂θ¯
+ f1,b0
∂b0
∂θ¯
+ f1,u2
∂u2
∂θ¯
+ f1,u3
∂u3
∂θ¯
)(f2 − u1) + f1 · (f2,θ¯ + f2,a0
∂a0
∂θ¯
+ f2,b0
∂b0
∂θ¯
+ f2,u2
∂u2
∂θ¯
+ f2,u3
∂u3
∂θ¯
− ∂u1
∂θ¯
)
]
= 0. (87)
Given some initial data a0 and b0, the definition (81)
gives out u2 and u3. With these a0, b0, u2 and u3, we
can solve Eq. (86) for u1. Then plug this information into
Eqs. (82) to (85) we can get a0, b0, u2 and u3 at next
time step. Iterating this process, we can get the solutions
a0, b0, u1, u2 and u3. And it can be checked straightfor-
wardly that the solutions a0 and b0 satisfy original equa-
tions (77) and (78). So with these coefficients a0, a1, K,
b0 and b1, the coordinate transformations (63)-(66) gives
us an new BS coordinate, with which we have following
solutions of the coupled Einstein-Maxwell equations
γ =
c(u, θ)
r
+
C(u, θ)− 16c(u, θ)3
r3
+
γ4(u, θ)
r4
+ · · ·(88)
β = − c
2
4r2
− (A2)
2 + 6c(C − 16c3)
8r4
+
c(A2)
2 − (A3) ·A2 − 4cγ4
5r5
+ · · · (89)
U = L(u, θ)− [
∂c
∂θ
+ 2c cot θ]
r2
+
U3
r3
+
U4
r4
+ · · · (90)
V = −1
3
Λr3 + (L cot θ +
∂L
∂θ
)r2 + (1 +
1
2
Λc2)r
−2M(u, θ) + V1(u, θ)
r
+ · · · (91)
F12 =
A2(u, θ)
r2
+
A3(u, θ)
r3
+
A4(u, θ)
r4
+ · · · (92)
F01 =
B2(u, θ)
r2
+
1
r3
[
L · A3 + ∂A2
∂θ
+A2 · cot θ
]
+
B4(u, θ)
r4
+ · · ·
In the following we will use the bared coordinate. In
order to simplify the expression, we have dropped bar
notation. In addition, we have changed the quantities h
and V0 to
h(u, θ) = C(u, θ)− 1
6
c(u, θ)3, V0(u, θ) = −2M(u, θ),
which makes our results easier to compare with the ex-
isting results in the literature.
For the coefficients in the above solutions, we have the
following relation.
U3(u, θ) = 2N(u, θ) + 3c
∂c
∂θ
+ 4c2 cot θ
U4(u, θ) =
3
2
∂C
∂θ
+ 3C · cot θ − 4c2 ∂c
∂θ
− 4c3 cot θ
−3cN − (A2) ·B2 + (A2)2L
V1(u, θ) = −
[∂N
∂θ
+N cot θ − (∂c
∂θ
)2 − 4c ∂c
∂θ
cot θ − 1
2
c2
−4c2 cot2 θ − (B2)2 − 3
8
Λc4 +
3
2
ΛcC
+2A2 · B2L− L2(A2)2 + 1
4
Λ(A2)
2
]
V2(u, θ) = −1
2
∂2C
∂θ2
− 3
2
∂C
∂θ
cot θ + C − 3N ∂c
∂θ
−6cN cot θ − 4c(∂c
∂θ
)2 − 12c2 ∂c
∂θ
cot θ
−8c3 cot2 θ + ∂A2
∂θ
B2 +A2B2 cot θ − LA2 ∂A2
∂θ
+
1
5
Λc(A2)
2 − L(A2)2 cot θ − 1
5
Λ(A2)A3
B4(u, θ) =
1
2
∂A3
∂θ
+
1
2
A3 cot θ − 1
2
c2B2 + LA4
+
1
2
Lc2A2 − 3cA2 cot θ − 2A2 ∂c
∂θ
− c∂A2
∂θ
(93)
8and N(u, θ) is an arbitrary function.
Regarding to the components F02 of the Maxwell field,
we solve Eq. (42) and get
F02 = C0(u, θ) +
C1(u, θ)
r
+
C2(u, θ)
r2
+ · · · (94)
where
C1(u, θ) = cC0 − 1
2
∂B2
∂θ
+ L ·A2 cot θ + 1
2
A2
∂L
∂θ
−1
6
ΛA3 +
1
2
L
∂A2
∂θ
+
1
3
ΛcA2 (95)
C2(u, θ) =
3
4
A2 − 1
2
B2
∂c
∂θ
−B2 · c · cot θ − 1
4
∂2A2
∂θ2
−1
4
∂A2
∂θ
cot θ +
1
4
A2 cot
2 θ − 1
4
c
∂B2
∂θ
+
1
2
c2 · C0
+LcA2 cot θ +
3
4
L · A3 cot θ + 5
12
ΛA2c
2 +
1
12
ΛcA3
−1
4
cA2
∂L
∂θ
− 1
6
Λ ·A4 + 1
4
A3
∂L
∂θ
+
1
4
cL
∂A2
∂θ
(96)
Plugging above solutions F01, F02 and F12 into Eq. (43)
we obtain
∂A2
∂u
= −1
2
∂B2
∂θ
− cC0 − LA2 cot θ − 1
2
A2
∂L
∂θ
+
1
6
ΛA3 − 1
2
L
∂A2
∂θ
− 1
3
ΛcA2, (97)
∂A3
∂u
= −1
2
A2 +B2
∂c
∂θ
+ 2B2c cot θ − 1
2
∂2A2
∂θ2
−1
2
∂A2
∂θ
cot θ +
1
2
A2 cot
2 θ +
1
2
c
∂B2
∂θ
− c2C0
−2LcA2 cot θ − 3
2
LA3 cot θ − 5
6
Λc2A2 − 1
6
ΛcA3
+
1
2
cA2
∂L
∂θ
+
1
3
ΛA4 − 3
2
A3
∂L
∂θ
− 1
2
cL
∂A2
∂θ
−L∂A3
∂θ
(98)
Now we consider Eq. (51), we get
−2
3
Λc− L cot θ + ∂L
∂θ
= 0, (99)
∂C
∂u
=
1
12
[
− 24LC cot θ + 3N cot θ − 3∂N
∂θ
− 12L∂C
∂θ
−12C∂L
∂θ
+ 4Λγ4 + 6A2C0 + Λ(A2)
2
]
. (100)
from which we have
c =
3
2Λ
(
∂L
∂θ
− L cot θ). (101)
By analyzing Eq. (40) we have
∂B2
∂u
= C0 · cot θ + ∂C0
∂θ
− LB2 cot θ + 1
3
ΛA2 cot θ
−B2 ∂L
∂θ
+
1
3
Λ
∂A2
∂θ
− 1
3
ΛLcA2 +
1
6
ΛLA3 +
3
2
LA2
∂L
∂θ
−3
2
L
∂B2
∂θ
+A2
∂L
∂u
+
1
2
L2
∂A2
∂θ
− c · L · C0 (102)
Now it’s time to consider the supplementary equations
(47). Expanding them explicitly, we get
R00 − 8piT00 = Λg00 ⇒
2V
r
∂2β
∂u∂r
− V
2r2
∂2V
∂r2
− V
2
r2
∂2β
∂2r
− V
2
r3
∂β
∂r
− V
r2
∂β
∂r
∂V
∂r
− 1
r2
(
∂V
∂u
− 2V ∂β
∂u
)− V
2r2
∂U
∂θ
+
1
2r
∂U
∂θ
∂V
∂r
− 2U
r2
∂V
∂θ
− 1
2r
∂U
∂r
∂V
∂θ
+
2UV
r2
∂β
∂θ
+ 2
∂γ
∂u
∂U
∂θ
+
∂2U
∂u∂θ
+ 2(
∂γ
∂u
)2
+
1
r
(2UV
∂2β
∂r∂θ
+ U
∂β
∂θ
∂V
∂r
+ V
∂β
∂r
∂U
∂θ
+ 2U
∂β
∂r
∂V
∂θ
)
−2U
r
∂γ
∂r
∂V
∂θ
− 2U ∂
2β
∂u∂θ
− 2∂β
∂u
∂U
∂θ
+ 2U
∂2γ
∂u∂θ
+U
∂2U
∂θ2
+ (
∂U
∂θ
)2 + 2(
∂γ
∂θ
− ∂β
∂θ
)U
∂U
∂θ
+
U
r
∂2V
∂r∂θ
+[2(
∂β
∂θ
)2 − 2∂β
∂θ
∂γ
∂θ
+
∂2γ
∂θ2
]U2 − cot θ
(
2U
∂β
∂u
− ∂U
∂u
−2U ∂γ
∂u
− U ∂U
∂θ
− U2 ∂γ
∂θ
+
UV
2r2
− U
2r
∂V
∂r
− UV
r
∂β
∂r
)
+r2e2(γ−β)
[
− 2( ∂
2γ
∂u∂r
+
1
r
∂γ
∂u
)U2 − 2(∂γ
∂u
− ∂β
∂u
)U
∂U
∂r
−2U2 ∂
2U
∂r∂θ
− 2U ∂U
∂r
∂U
∂θ
− 2U3 ∂
2γ
∂r∂θ
− 2
r
U3
∂γ
∂θ
−3U2∂γ
∂θ
∂U
∂r
+ 2U2
∂β
∂θ
∂U
∂r
+
UV
r
∂2U
∂r2
+
4UV
r2
∂U
∂r
+2(
∂γ
∂r
− ∂β
∂r
)
UV
r
∂U
∂r
+
U2V
r
∂2γ
∂r2
+
U2
r
∂γ
∂r
∂V
∂r
+
U2V
r2
∂γ
∂r
− 3U
2
r
∂U
∂θ
− U2 ∂γ
∂r
∂U
∂θ
+
U2
r2
∂V
∂r
+
V
2r
(
∂U
∂r
)2 − U2(∂U
∂r
+
U
r
+ U
∂γ
∂r
) cot θ − U ∂
2U
∂u∂r
]
+
1
2
r4e4(γ−β)U2(
∂U
∂r
)2 − 1
2r3
e2(β−γ)
[∂2V
∂θ2
+ 2V
∂2β
∂θ2
+(2
∂β
∂θ
− 2∂γ
∂θ
+ cot θ)(
∂V
∂θ
+ 2V
∂β
∂θ
)
]
+ r−1e−2βV F 201
−4e−2βUF01F02 + 2r−2e−2γF 202 + r2U2e2γ−4βF 201
+2re−2βUV F01F12 − 2r2e2γ−4βU3F01F12
−2r−3e−2γV F12F02 + 2e−2βU2F12F02
+r−4e−2γV 2F 212 − 2r−1e−2βV U2F 212 + r2e2γ−4βU4F 212
−Λ(V r−1e2β − U2r2e2γ) = 0, (103)
9and
R02 − 8piT02 = 0 ⇒
∂2β
∂u∂θ
− ∂
2γ
∂u∂θ
+ 2
∂γ
∂u
∂γ
∂θ
− 2∂γ
∂u
cot θ − U[∂2β
∂θ2
+2(
∂β
∂θ
)2 − 2∂β
∂θ
∂γ
∂θ
+
∂β
∂θ
cot θ
] − 1
2r
∂2V
∂r∂θ
+
1
2r2
∂V
∂θ
+ (
∂γ
∂r
− ∂β
∂r
)
1
r
∂V
∂θ
+ r2e2(γ−β)
[
3
2
U
∂2U
∂r∂θ
+
3U
r
∂U
∂θ
+ 2U(
∂2γ
∂u∂r
+
1
r
∂γ
∂u
) +
1
2
∂2U
∂u∂r
+ 2
∂2γ
∂r∂θ
U2
+(
∂γ
∂u
− ∂β
∂u
)
∂U
∂r
+
∂γ
∂r
U
∂U
∂θ
+ (2
∂γ
∂θ
− ∂β
∂θ
)U
∂U
∂r
+
∂U
∂r
∂U
∂θ
− V
2r
∂2U
∂r2
− 1
r2
(U
∂V
∂r
+ 2
∂U
∂r
V )
−1
r
[∂2γ
∂r2
UV + (
∂γ
∂r
− ∂β
∂r
)
∂U
∂r
V +
∂γ
∂r
U
∂V
∂r
]
−UV
r2
∂γ
∂r
+
2U2
r
∂γ
∂θ
+ U(
1
2
∂U
∂r
+
U
r
+
∂γ
∂r
U) cot θ
]
−1
2
r4e4(γ−β)U(
∂U
∂r
)2 + 2e−2βF01F02 − r2Ue2γ−4βF 201
−2r−1e−2βV F01F12 + 2r2U2e2γ−4βF01F12 − ΛUr2e2γ
+r−1UV e−2βF 212 − r2U3e2γ−4βF12 = 0. (104)
The r0 order term of (104) leads to
A2L
3 = 0, (105)
and the r−1 order term of (104) leads to
A3L
3 = 0. (106)
The r−1 order term of (103) gives us
9L
8Λ
(
∂L
∂θ
− L cot θ) ∂
∂θ
(
∂L
∂θ
− L cot θ) = 0 (107)
Recalling the relation (101), this equations can be re-
duced to
9L
8Λ
c
∂c
∂θ
= 0. (108)
So we have L = 0 or ∂c/∂θ = 0.
If L = 0 we have c = 0.
If ∂c/∂θ = 0, we have
∂2L
∂θ2
− ∂L
∂θ
cot θ +
L
sin2 θ
= 0. (109)
The solution of this equation reads as
L(u, θ) = ξ(u) sin θ + η(u) sin θ · ln(tan θ
2
) (110)
with two integration constants ξ(u) and η(u). The reg-
ularity of L on a specific sphere of constant u requires
η(u) = 0, so we have
L(u, θ) = ξ(u) sin θ. (111)
Together with Eq.(101) this also results in c = 0.
So we can summarize the solution as
γ =
C(u, θ)
r3
+
γ4(u, θ)
r4
+ · · · (112)
β = − (A2)
2
8r4
− A2A3
5r5
+ · · · (113)
U = L(u, θ) +
2N(u, θ)
r3
+
1
r4
[
3
2
∂C
∂θ
−A2B2 + 3C cot θ
]
+ · · · (114)
V = −1
3
Λr3 + (L cot θ + L2)r
2 + r − 2M(u, θ)
−1
r
[
∂N
∂θ
+N cot θ − (B2)2 + 1
4
Λ(A2)
2
]
+ · · ·(115)
F12 =
A2(u, θ)
r2
+
A3(u, θ)
r3
+
A4(u, θ)
r4
+ · · · (116)
F01 =
B2(u, θ)
r2
+
1
r3
[
∂A2
∂θ
+A2 cot θ
]
+ · · ·
F02 = C0(u, θ)− 1
r
[
1
6
ΛA3 +
1
2
∂B2
∂θ
]
+
1
r2
[
3
4
A2
−1
4
∂2A2
∂θ2
− 1
4
∂A2
∂θ
cot θ +
1
4
A2 cot
2 θ − 1
6
ΛA4
]
+ · · ·
and
∂A2
∂u
=
1
6
ΛA3 − 1
2
∂B2
∂θ
,
∂C
∂u
= −1
4
N cot θ + 2LC cot θ − 1
12
Λ(A2)
2 − 1
3
Λγ4
+C
∂L
∂θ
− 1
2
A2C0 +
1
4
∂N
∂θ
+ L
∂C
∂θ
,
∂B2
∂u
= C0 cot θ +
∂C0
∂θ
− LB2 cot θ + 1
3
ΛA2 cot θ
−B2 ∂L
∂θ
+
1
3
Λ
∂A2
∂θ
− 3
2
L
∂B2
∂θ
,
L = ξ(u) sin θ. (117)
Submitting above solutions into Eqs. (103) and (104), we
can get
∂M
∂u
= −(C0)2 − 1
2
(A2)
2 − 3
2
ML cot θ +
1
2
NΛ cot θ
−1
3
A2ΛC0 +
1
2
Λ
∂N
∂θ
− 3
2
M
∂L
∂θ
− L∂M
∂θ
+
1
3
LΛB2A4 + L
4A4, (118)
and
∂N
∂u
=
1
3
[
− ∂M
∂θ
− 4L∂C
∂u
− 4L2∂C
∂θ
− 4N ∂L
∂θ
− L3A4
−4L∂N
∂θ
+
4
3
LΛγ4 + 2C0B2 − 4LC∂L
∂θ
+ Λ
∂C
∂θ
−4LN cot θ + 2ΛC cot θ − 8L2C cot θ
]
. (119)
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FIG. 1: Evolution structures for the coupled Einstein-
Maxwell equations with cosmological constant. u represents
the Bondi time. Each cut of the cylinder represents the ce-
lestial sphere at some time u. Here the Bondi’s out going
boundary condition (53) and (54) for the gravitational field
and electromagnetic field respectively. ξ(u) is the coefficient
of variable U and C0(u, θ) is the coefficient of variable F02.
These results imply a characteristic structure which is
summarized in Fig. 1. This characteristic structure is dif-
ferent to the one found in [2, 3]. The difference include
two aspects. One is that the freedom ξ for gravitational
field is independent of the direction of the gravitational
wave source locating in the celestial sphere. Instead it
can only vary along the Bondi time u. The second as-
pect is that the freedom ξ(u) is related to the BS metric
variable U . While in [2, 3] the freedom comes from the
variable γ (check Sec. II).
Using the quasi-Kinnersley tetrad (28)-(30) we get the
Newman-Penrose scalar Ψ4 for gravitational wave
Ψ4 = −CΛ
2
6r
+ · · ·, (120)
and the Newman-Penrose scalar Φ2 = Fabm¯
anb for elec-
tromagnetic wave
Φ2 = − C0√
2r
+ · · · (121)
We can see that the electromagnetic wave behaves the
same as the case without cosmological constant. But the
gravitational wave behaves totally different to the case
without cosmological constant. Especially, when Λ goes
to zero, the gravitational wave here tends to zero also.
The result can not recover the picture of the Einstein
equations without cosmological constant. This is contra-
dict to physical intuition.
IV. BOUNDARY CONDITION ANALYSIS
In the last section we have analyzed the coupled
Einstein-Maxwell equations with Bondi’s original out go-
ing boundary condition. The behavior of gravitational
wave shows some bizarrerie. This reminds us the sub-
tle results found by Ashtekar and his coworkers in [34].
Ashtekar used conformal completion technique to inves-
tigate the Einstein equations with positive cosmologi-
cal constant. The authors required the solutions of the
Einstein equations asymptotically go to de Sitter space.
They found that the boundary condition which requires
the magnetic part of the gravitational field vanish at the
null infinity leads to non-existence of gravitational waves.
In the last section, we set our problem differently. We use
Bondi’s out going boundary condition to determine the
solution of the coupled Einstein-Maxwell equations. We
do not concern whether the solution is conformal com-
pletable or not. We do not concern whether the solution
asymptotically goes to de Sitter space or not.
But the subtle results for gravitational wave got in the
last section motivate us to analyze the boundary condi-
tion for the Einstein equations with non-vanishing cos-
mological constant in more detail.
Let’s consider a model wave equation with the form as
following
∂2Q
∂t2
= ∇2Q− ΛQ. (122)
Here we use ∇2 to denote the usual Laplace operator
on Euclidian space. In order to analyze the out going
boundary condition, we introduce an out going coordi-
nate u = t− r to mimic the Bondi time. Decomposing Q
into spherical harmonic components Qn, we can get
2(
∂2Qn
∂r∂u
+
1
r
∂Qn
∂u
) =
∂2Qn
∂r2
+
2
r
∂Qn
∂r
− n(n+ 1)
r2
Qn
−ΛQn. (123)
Expanding Qn =
∑
k L
k
n(u)r
−k−1, we get the recurrence
relation
2(k + 1)
dLk+1n
du
= (n− k)(n+ k + 1)Lkn − ΛLk+2n .(124)
Due to the requirement of convergence when r goes to
infinity, k ≥ −1. When k = −1, Eq.(124) gives us
L−1n =
Λ
n(n+ 1)
L1n. (125)
If Λ = 0, we have L−1n = 0. Consequently the out going
boundary condition for Λ = 0 can be expressed as
Q =
Q(1)
r
+ · · · (126)
This reminds us the Bondi’s out going boundary condi-
tion (6).
If Λ 6= 0, the out going boundary condition should
generally be expressed as
Q = Q(0) +
Q(1)
r
+ · · · (127)
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As to the vacuum Einstein equation without cosmo-
logical constant, the linearized equations about the flat
metric ηµν take the wave equation form
h¯µν = 0. (128)
While for the vacuum Einstein equation with cosmologi-
cal constant, the linearized equations take the form
h¯µν = Λ(ηµν +
1
2
hηµν) (129)
with h = −ηµν h¯µν . The corresponding full metric is
gµν = ηµν+h¯µν+
1
2hηµν . The equation form (129) implies
that the suitable out going boundary condition for the
Einstein equation with cosmological constant should take
the form (127) instead of the original Bondi’s boundary
condition.
Regarding to Maxwell equation, it always takes the
form
Aµ = 0, (130)
independent of Λ. So we conjecture that the out go-
ing boundary condition form (54) is always valid for the
Maxwell equations, no matter the Einstein equations the
background metric related to include cosmological con-
stant or not.
In the following section we will investigate the bound-
ary condition (127) for the Einstein equations with cos-
mological constant.
V. APPLY THE NEW BOUNDARY
CONDITION TO THE EINSTEIN EQUATIONS
WITH Λ
In this section we repeat the works done in Sec. III.
The difference is we apply here a new out going bound-
ary condition instead of Bondi’s original one (53) to the
Einstein equations with cosmological constant. Our new
out going boundary condition is motivated by Eq.(127).
We write it out specifically as
γ = Λf(u, θ) +
c(u, θ)
r
+
d(u, θ)
r2
+
h(u, θ)
r3
+ · · · (131)
for gravitational field and (54) for Maxwell field.
Firstly we point out one important consequence re-
sulted from above new boundary condition. This is about
the geometry of the sphere with constant u and constant
r. In [2, 3], Bondi’s original boundary condition makes
the sphere go to standard sphere when r goes to infinity.
But now the new boundary condition (131) makes the
sphere go asymptotically to
e2Λfdθ2 + e−2Λf sin2 θdφ2. (132)
Plugging above new boundary condition into Eq. (41)
we get
∂A1(u, θ)
∂θ
+A1 cot θ − 2ΛA1∂f
∂θ
= 0, (133)
which corresponds to Eq. (55) in Sec. III. By integrating
it, we get
A1(u, θ) =
Σ(u)e2Λf
sin θ
(134)
where Σ(u) is the integration constant. But the regular-
ity condition of A1 on sphere leads A1(u, θ) = 0. Then
the main equation (48) gives us
β = H(u, θ)− c
2
4r2
− 2cd
3r3
− (A2)
2e−2Λf + 6ch+ 4d2
8r4
+ · · · (135)
And the equation (49) gives
U = L(u, θ) +
2e2H−2Λf
r
∂H
∂θ
+ · · ·, (136)
∂d(u, θ)
∂θ
+ 2d(u, θ) cot θ − 2Λd∂f
∂θ
= 0. (137)
The second of above equations leads
d(u, θ) =
∆(u)e2Λf
sin2 θ
(138)
where ∆(u) is the integration constant. But again the
regularity condition of d on sphere results in d(u, θ) = 0.
The main Eq. (50) gives
V = −Λ
3
e2Hr3 + (L cot θ + L2)r
2 + e2H−2Λf
[
1
+4(
∂H
∂θ
)2 + 2
∂2H
∂θ2
+ 2
∂H
∂θ
cot θ +
1
2
e2ΛfΛc2
−4Λ∂H
∂θ
∂f
∂θ
+ 3Λ
∂f
∂θ
cot θ + Λ
∂2f
∂θ2
− 2Λ2(∂f
∂θ
)2
]
r
+V0(u, θ) + · · · (139)
Substituting Eqs. (131), (135), (136) and (139) to
Eq. (2), we get
g00 = −[e2HV (3) − e2ΛfL2]r2 − [e2HV (2)
−2U1e2ΛfL− 2e2ΛfL2c]r + · · ·
g01 = −e2H + e
2Hc2
2r2
+ · · · (140)
g02 = −e2ΛfLr2 − e2Λf [U1 + 2Lc]r + · · · (141)
g22 = e
2Λfr2 + 2e2Λfcr + · · · (142)
where
V (3) = −Λ
3
e2H
V (2) = L cot θ + L2
U1 = 2e
2H−2Λf ∂H
∂θ
In the following we will show that specific coordinate
transformation exists which preserves the BS metric form
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and at the same time makes H and L vanish. Starting
from some coordinate system with non zero H and L, we
assume the following coordinate transformation
u = a0(u¯, θ¯) +
a1(u¯, θ¯)
r¯
+ · · ·, (143)
r = K(u¯, θ¯)r¯ + ρ0(u¯, θ¯) + · · ·, (144)
θ = b0(u¯, θ¯) +
b1(u¯, θ¯)
r¯
+ · · ·, (145)
φ = φ¯. (146)
To preserve the BS metric form (2), we need
g¯11 = 0 ⇒
[e2HV (3) − e2ΛfL2]K2(a1)2 − 2e2HK · a1
+2e2ΛfLK2a1 · b1 − e2ΛfK2(b1)2 = 0, (147)
g¯12 = 0 ⇒
−[e2HV (3) − e2ΛfL2]K2a1 · ∂a0
∂θ¯
− e2ΛfLK2 · a1 · ∂b0
∂θ¯
+e2HK · ∂a0
∂θ¯
− e2ΛfLK2 · b1 · ∂a0
∂θ¯
+e2ΛfK2b1 · ∂b0
∂θ¯
= 0, (148)
g¯22 = e
2Λf¯ r¯2 +O(r¯) ⇒
(e2HV (3) − e2ΛfL2)K2(∂a0
∂θ¯
)2 + 2e2ΛfLK2
∂a0
∂θ¯
∂b0
∂θ¯
−e2ΛfK2(∂b0
∂θ¯
)2 = −e2Λf¯ , (149)
g¯33 = e
−2Λf¯ r¯2 sin2 θ¯ +O(r¯) ⇒
e−2ΛfK2 sin2 b0 = e−2Λf¯ sin2 θ¯ (150)
Regarding to H we have
g¯01 = (e
2HV (3) − e2ΛfL2)K2 ∂a0
∂u¯
a1 − e2H ∂a0
∂u¯
K
+Le2ΛfK2
∂a0
∂u¯
b1 + Le
2ΛfK2
∂b0
∂u¯
· a1
−e2ΛfK2 ∂b0
∂u¯
· b1 +O( 1
r¯2
)
= −e2H¯ +O( 1
r¯2
) (151)
Here we have denoted the corresponding H function in
bared coordinate system with H¯ . In order to make H¯ =
0, we need
1 = e2H¯
= −(e2HV (3) − e2ΛfL2)K2 ∂a0
∂u¯
a1 + e
2H ∂a0
∂u¯
K
−Le2ΛfK2 ∂a0
∂u¯
b1 − Le2ΛfK2∂b0
∂u¯
· a1
+e2ΛfK2
∂b0
∂u¯
· b1. (152)
Regarding to L, we consider
g¯02 = −
[
(e2HV (3) − L2e2Λf )K2 ∂a0
∂u¯
∂a0
∂θ¯
+Le2ΛfK2
∂a0
∂u¯
∂b0
∂θ¯
+ Le2ΛfK2
∂b0
∂u¯
∂a0
∂θ¯
−e2ΛfK2 ∂b0
∂u¯
∂b0
∂θ¯
]
r¯2 +O(r¯)
= −e2Λf¯ L¯r¯2 +O(r¯) (153)
Here we have denoted the corresponding f function and
L function in bared coordinate system with f¯ and L¯ re-
spectively. To make L¯ = 0, we need
(e2HV (3) − L2e2Λf )K2 ∂a0
∂u¯
∂a0
∂θ¯
+ Le2ΛfK2
∂a0
∂u¯
∂b0
∂θ¯
+Le2ΛfK2
∂b0
∂u¯
∂a0
∂θ¯
− e2ΛfK2 ∂b0
∂u¯
∂b0
∂θ¯
= 0 (154)
Firstly, we algebraically solve Eqs. (149) and (150) for
K(u¯, θ¯) and f¯(u¯, θ¯) in terms of a0, b0,
∂a0
∂θ¯
and ∂b0
∂θ¯
. Then
we substitute the solution K(u¯, θ¯) into Eqs. (147) and
(148), and algebraically solve them for a1 and b1 in terms
of a0, b0,
∂a0
∂θ¯
and ∂b0
∂θ¯
. Looking Eqs. (152) and (154) as
an algebra equation system for ∂a0
∂u¯
and ∂a0
∂u¯
, we solve
them to get solutions with form
∂a0
∂u¯
= Fa0(a0, b0,
∂a0
∂θ¯
,
∂b0
∂θ¯
,K, f, f¯ , a1, b1), (155)
∂b0
∂u¯
= Fb0(a0, b0,
∂a0
∂θ¯
,
∂b0
∂θ¯
,K, f, f¯ , a1, b1). (156)
After we substitute K, f¯ , a1 and b1 into above equations
we can obtain a Cauchy problem respect to two unknown
functions a0 and b0, from which we can get the evolution
equations of a0 and b0 respectively. Choosing two smooth
functions on sphere as initial data for a0 and b0, we can
solve this Cauchy problem to get a0(u¯, θ¯) and b0(u¯, θ¯).
Substitute them backwards, we can get a1(u¯, θ¯), b1(u¯, θ¯)
and K(u¯, θ¯). With them we get the desired coordinate
transformation. Here it is deserved to comment that this
kind of coordinate transformation does not exist in gen-
eral in Sec. III to make L = 0.
With this new coordinate system, we can summarize
the solution for coupled Einstein-Maxwell equations as
13
following
γ = Λf(u, θ) +
c(u, θ)
r
+
C(u, θ)− 16 c(u, θ)3
r3
+
γ4(u, θ)
r4
+
γ5(u, θ)
r5
+ · · · (157)
β = − c
2
4r2
− (A2)
2e−2Λf + 6c(C − 16 c3)
8r4
+ · · · (158)
U = −e
−2Λf (2c cot θ + ∂c
∂θ
− 2Λc∂f
∂θ
)
r2
+
U3(u, θ)
r3
+
U4(u, θ)
r4
+ · · · (159)
V = −1
3
Λr3 + e2Λf [1 +
1
2
e2ΛfΛc2 + 3Λ
∂f
∂θ
cot θ + Λ
∂2f
∂θ2
−2Λ2(∂f
∂θ
)2]r − 2M(u, θ) + V1(u, θ)
r
+ · · · (160)
F12 =
A2(u, θ)
r2
+
A3(u, θ)
r3
+ · · · (161)
F01 =
B2(u, θ)
r2
+ e−2Λf
[
∂A2
∂θ
+ (A2) cot θ
−2A2Λ∂f
∂θ
]
1
r3
+ · · ·
F02 = C0(u, θ) +
C1(u, θ)
r
+ · · · (162)
where
U3(u, θ) = e
−2Λf [2N(u, θ) + 3c ∂c
∂θ
+ 4c2 cot θ
]
U4(u, θ) = e
−2Λf
[
− 4c3 cot θ + 3C cot θ − 4c2 ∂c
∂θ
+
3
2
∂C
∂θ
− 2Λc3 ∂f
∂θ
− 3cN − 3ΛC∂f
∂θ
−A2B2
]
C1(u, θ) = cC0 − 1
2
∂B2
∂θ
− 1
6
ΛA3 +
1
3
ΛcA2
In above expressions, we have dropped the bar notation
for simplicity. And we have set
h(u, θ) = C(u, θ)− 1
6
c(u, θ)3, V0(u, θ) = −2M(u, θ).
Similar to Sec. III, we plug the solutions for electro-
magnetic field into Eq. (43). Then we obtain
∂A2
∂u
= −1
2
∂B2
∂θ
− cC0 + 1
6
ΛA3 − 1
3
ΛcA2, (163)
∂A3
∂u
= −1
2
A2 +B2 · ∂c
∂θ
+ 2B2 · c · cot θ − 1
2
∂2A2
∂θ2
−1
2
∂A2
∂θ
cot θ +
1
2
A2 · cot2 θ + 1
2
c
∂B2
∂θ
− c2 · C0
−5
6
Λc2A2 − 1
6
ΛcA3 +
1
3
ΛA4 (164)
Regarding to f , the r order term of the main Eq. (51)
gives us
3Λ
∂f
∂u
− cΛ = 0 (165)
which means
∂f
∂u
=
1
3
c(u, θ). (166)
and the r−2 order term of the main Eq. (51) gives us
∂C
∂u
=
1
12
[
6c2
∂c
∂u
+ 4Λγ4 − 12e−2ΛfΛc ∂c
∂θ
∂f
∂θ
+6e−2Λfc2Λ cot θ
∂f
∂θ
− e−2Λf6Λc2∂
2f
∂θ2
+e−2ΛfΛ(A2)2 − 4cΛC + 6Λc3∂f
∂u
+ 12ΛC
∂f
∂u
+6e−2ΛfC0A2 − 3e−2Λf ∂N
∂θ
+ 3e−2ΛfN cot θ
−2Λc4 + 6cM
]
(167)
The main Eq. (40) results in
∂B2
∂u
= e−2Λf
[
C0 · cot θ + ∂C0
∂θ
+
1
3
ΛA2 cot θ +
1
3
Λ
∂A2
∂θ
−2
3
A2 · Λ2 ∂f
∂θ
− 2C0 · Λ∂f
∂θ
]
(168)
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The supplementary equations (103) and (104) lead to
∂M
∂u
= −1
2
[
2e−2ΛfΛ2N
∂f
∂θ
+
4
3
e−2Λfc2Λ3(
∂f
∂θ
)2
+
4
3
e−2ΛfΛc2 cot2 θ − 2
3
cCΛ2 − e−2ΛfNΛ cot θ
+
2
3
e−2ΛfΛA2 · C0 − 1
2
e−4ΛfΛ
∂f
∂θ
cot θ
−3
2
e−4ΛfΛ
∂f
∂θ
cot3 θ − 14e−4ΛfΛ3(∂f
∂θ
)3 cot θ
−6e−4ΛfΛ2(∂f
∂θ
)2 cot2 θ − 4e−2ΛfΛ2(∂f
∂θ
)2
∂c
∂u
−4e−2ΛfΛ ∂
2c
∂u∂θ
∂f
∂θ
+ 2e−2ΛfΛ
∂c
∂u
∂2f
∂θ2
+2e−2ΛfΛ
∂c
∂θ
∂2f
∂u∂θ
+ 2e−2ΛfcΛ
∂3f
∂u∂θ2
+
3
2
e−4ΛfΛ
∂2f
∂θ2
cot2 θ + 5e−4ΛfΛ2
∂f
∂θ
∂3f
∂θ3
−18e−4ΛfΛ3 ∂
2f
∂θ2
(
∂f
∂θ
)2 + 2e−2Λfc2Λ− e−2ΛfΛ∂N
∂θ
−2e−4ΛfΛ∂
3f
∂θ3
− 4
3
e−2ΛfΛ(
∂c
∂θ
)2 +
4
9
c4Λ2
+
2
3
e−2ΛfcΛ2
∂c
∂θ
∂f
∂θ
− 3e−2ΛfcΛ ∂c
∂θ
cot θ
+
2
3
e−2ΛfΛA2 · B2 ∂c
∂θ
+ 6e−2ΛfΛ
∂c
∂u
∂f
∂θ
cot θ
+2e−2Λf
∂c
∂u
+ e2Λf (A2)
2 + 2e−2ΛfcΛ
∂2f
∂u∂θ
cot θ
+15e−4ΛfΛ2
∂f
∂θ
∂2f
∂θ2
+ 8e−4ΛfΛ4(
∂f
∂θ
)4
−3e−2Λf ∂
2c
∂u∂θ
cot θ − 1
2
e−4ΛfΛ
∂4f
∂θ4
+ 4e−4ΛfΛ
∂2f
∂θ2
+3e−4ΛfΛ2(
∂2f
∂θ2
)2 − e−2Λf ∂
3c
∂u∂θ2
+ 2(
∂c
∂u
)2
−13e−4ΛfΛ2(∂f
∂θ
)2 + 2e−2Λf (C0)2 − 5
3
e−2ΛfcΛ
∂2c
∂θ2
−4e−2ΛfcΛ2 ∂f
∂θ
∂2f
∂u∂θ
+
4
3
e−2ΛfcΛA2B2 cot θ
−4
3
e−2ΛfcΛ2A2 · B2 ∂f
∂θ
+
4
3
e−2Λfc2Λ2
∂f
∂θ
cot θ
]
(169)
FIG. 2: The same to Fig. 1 but now the new out going bound-
ary condition (131) is used. c(u, θ) is the coefficient of variable
γ and C0(u, θ) is the coefficient of variable F02. This evolution
picture is the same to the one found in [2, 3].
and
∂N
∂u
=
1
3
[
4ΛN
∂f
∂u
+ 5e−2ΛfcΛ
∂f
∂θ
− 4e−2ΛfcΛ3(∂f
∂θ
)3
−e−2ΛfcΛ∂
3f
∂θ3
− ∂c
∂θ
∂c
∂u
− 4c ∂c
∂u
cot θ + Λ
∂C
∂θ
−3c ∂
2c
∂u∂θ
− 4
3
Λc3 cot θ + 2ΛC cot θ − 8
3
Λc2
∂c
∂θ
−4
3
Λ2c3
∂f
∂θ
− 4
3
ΛcN − 2Λ2C ∂f
∂θ
− 4c2Λ ∂
2f
∂u∂θ
+2Λc
∂f
∂u
∂c
∂θ
− 8cΛ ∂c
∂u
∂f
∂θ
+ 8c2Λ2
∂f
∂u
∂f
∂θ
− ∂M
∂θ
+6e−2ΛfcΛ2(
∂f
∂θ
)2 cot θ + 3e−2ΛfcΛ
∂f
∂θ
cot2 θ
+6e−2ΛfcΛ2
∂f
∂θ
∂2f
∂θ2
− 3e−2ΛfcΛ∂
2f
∂2θ
cot θ + 2B2C0
]
respectively. When Λ = 0, above two equations become
∂M
∂u
= −( ∂c
∂u
)2 +
1
2
∂
∂u
[
∂2c
∂θ2
+ 3
∂c
∂θ
cot θ − 2c]
−2(C0)2 − (A2)2, (170)
∂N
∂u
=
1
3
[
− ∂M
∂θ
− ∂c
∂θ
∂c
∂u
− 4c ∂c
∂u
cot θ
−3c ∂
2c
∂u∂θ
+ 2B2C0
]
(171)
They are consistent with the results in [41, 42].
These results represent a characteristic structure which
is different to Fig. 1. We summarize this structure in
Fig. 2. Interestingly we can find this characteristic struc-
ture is roughly the same to the one found in [2, 3].
Based on the quasi-Kinnersley tetrad (28)-(30) we can
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calculate the Newman-Penrose scalar Ψ4 to get
Ψ4 =
1
r
[
− ∂
2c
∂u2
+ Λe−2Λf(
4
3
c+
2
3
cot2 θc− 1
6
∂c
∂θ
− 1
6
∂2c
∂θ2
)
+Λ2e−2Λf (
4c cot θ
3
∂f
∂θ
+
4c
3
∂2f
∂θ2
− 1
3
∂c
∂θ
∂f
∂θ
)
+Λ2(
2c3
3
− C
6
)− Λ3 2c
3
e−2Λf (
∂f
∂θ
)2
]
+ · · · (172)
We can see that when the novel outgoing boundary condi-
tion (131) is considered, the gravitational wave’s behavior
is similar to the result in Bondi’s work. The major part
− ∂2c
∂u2
is exactly the term given by Bondi, when Λ goes
to zero, Bondi’s original result is recovered. Regarding
to the Maxwell field the corresponding Newman-Penrose
scalar Φ2 has the form
Φ2 = − C0√
2r
. (173)
This result is same as Eq. (121) and is also the same
to the one in the case without cosmological constant.
It means that the two different boundary conditions for
gravitational field discussed previously do not affect the
behavior of electromagnetic wave.
VI. SUMMARY AND DISCUSSION
Motivated by current cosmological observations, we
have investigated the Einstein equations with cosmologi-
cal constant with the method presented in Bondi’s semi-
nal work [2, 3]. Since the cosmological constant is so tiny
compared to realistic gravitational wave source, we are
not sure how much effect of the cosmological constant
may act on practical gravitational wave detection. But
theoretical interests inspire us to investigate the coupled
Einstein-Maxwell equations which admit a cosmological
constant.
Mathematically, Bondi’s original outgoing boundary
condition is among the assumptions in their seminal work
[2, 3]. Followed closely Bondi’s method, we firstly also
took this assumption to analyze the behavior of gravi-
tational wave and electromagnetic wave and the charac-
teristic structure of coupled Einstein-Maxwell equations.
We find that Bondi’s “news function”, c(u, θ), does not
exist any more when cosmological constant is nonzero.
The amplitude of the gravitational wave is proportional
to the square of the cosmological constant. The charac-
teristic structure of the dynamical fields is totally differ-
ent to the one found in [2, 3]. Very recently, Ashtekar
and his coworkers used conformal completion method to
investigate this problem [34]. They got very similar re-
sults to the ones got in current work. They generalized
the boundary condition in Λ = 0 case to Λ > 0 case and
found that “the gravitational waves do not carry away (de
Sitter) energy or momentum across null infinity!” This is
consistent to our result (120). Our result implies that
the gravitational wave is proportional to Λ2. When Λ is
small, the gravitational wave is negligible.
The results rooted from Bondi’s original outgoing
boundary condition seem quite unphysical. Then de-
tail analysis about the boundary condition shows that
Bondi’s original outgoing boundary condition is not con-
sistent to the Einstein equations with a cosmological con-
stant. The analysis also motivates us to propose a new
out going boundary condition.
When the new out going boundary condition is used,
the gravitational wave’s behavior is the same to the re-
sults given by [2, 41]. Different to gravitational wave,
the electromagnetic wave’s behavior does not depend
on these different type outgoing boundary conditions.
But anyhow, both gravitational wave and electromag-
netic wave behave well with our new out going boundary
condition. And more when Λ goes to zero, original result
in [2, 3] will recover naturally.
Although our new out going boundary condition is
quite attractive, several interesting and important issues
are left to study more in the near future. These issues
include what kind of symmetry is reduced from this new
boundary condition. This symmetry corresponds to the
coordinate freedom related to the BS metric form in ques-
tion. And related problem to this freedom is how to
understand the gauge invariant property of the gravita-
tional wave and the electromagnetic wave got in current
work. Is it possible reexpress our new boundary condi-
tion in the conformal completion language and port it
into the framework constructed in [34]? All these inter-
esting problems are out of the scope of current paper.
We leave them to the on going work.
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